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1 Introduction
Conformal supergravities in four dimensions are invariant under the local symmetries as-
sociated with the superconformal algebra su(2, 2|N). The transformation rules and cor-
responding invariant Lagrangians are known for N = 1 and 2 [1, 2]. For the N = 4
theory, the Weyl multiplet and its full non-linear transformations were determined in [3].
A unique feature of the latter theory is the presence of scalars fields which parametrize an
SU(1, 1)/U(1) coset space. This U(1) factor extends the SU(4) R-symmetry to the U(4)
that is generically present in the algebra [4]. Furthermore, it was shown that N > 4 the-
ories cannot exist off-shell [5], as they would necessarily involve higher-spin fields and the
supermultiplet would in general not contain the graviton. It is also worth pointing out
that the N ≤ 4 superconformal field representation and the transformation rules have been
worked out in superspace [6].
Although the field representation and its off-shell transformation rules are known,
the full non-linear action for N = 4 conformal supergravity remains to be constructed.
Recently, a calculation was performed based on an on-shell N = 4 abelian gauge theory in
a conformal supergravity background [7]. The integration of the abelian gauge multiplet
led to the determination of the bosonic terms of the superconformal action [8]. These terms
comprise the square of the Weyl tensor and are related to the conformal anomaly, as was
discussed long ago in [9]. The resulting action is invariant under a continuous rigid SU(1, 1)
symmetry, which can be explained by the fact that the gauge theory action has SU(1, 1)

















In this paper we calculate the SU(1, 1) invariant action ofN = 4 conformal supergravity
by exploiting the known transformation rules and imposing supersymmetry by iteration.
This computation is of interest since it completes the result of [8] to quadratic order in the
fermion fields. However, we also find that our results do not coincide.
Actually, string theory indicates the existence of an extended class of actions in which
the continuous SU(1, 1) is broken. For instance, in IIA string compactifications on K3×T 2,
the effective action contains terms quadratic in the Weyl tensor and its dual, multiplied
by a modular function [10]. Further indications arise from the semiclassical approximation
of the microscopic degeneracy formula for dyonic BPS black holes [11–13], which captures
corrections to the macroscopic entropy originating from the same class of actions. This
paper deals exclusively with the construction of the action invariant under the continuous
SU(1, 1).
The paper is organized as follows. Section 2 contains a summary of the N = 4 Weyl
multiplet and its transformation rules. The quadratic action, which serves as the start-
ing point of our computation, is discussed in section 3. In section 4, we introduce the
iterative procedure used to construct terms of higher-order in the fields. All the terms
up to quadratic order in fermions are presented. Those that contain only matter fields,
supercovariant derivatives and curvatures are discussed and compared to the result of [8]
in section 5. The remaining terms which depend explicitly on the fermionic gauge fields
are given in appendix A. Finally, appendix B contains the Bianchi identities and the trans-
formation rules of the curvatures.
2 N = 4 conformal supergravity
N = 4 conformal supergravity [3] is built upon the gauging of the superconformal algebra
su(2, 2|4). Its bosonic subalgebra1 contains the generators of the conformal group SU(2, 2)
and the generators of a chiral SU(4) R-symmetry. The fermionic generators consist of
sixteen Q supercharges and sixteen S supercharges. In addition, the theory has a non-
linearly realised rigid SU(1, 1) symmetry and a local chiral U(1) symmetry. The latter
extends the R-symmetry group to SU(4) × U(1). The field representation of the theory
comprises the gauge fields associated to the various superconformal symmetries and the
local U(1), as well as a set of matter fields. In this paper, we adopt the conventions of [3],
unless stated otherwise.
The bosonic gauge fields associated to the SU(2, 2|4) symmetries are the vierbein eµ
a,
the spin connection ωµ
ab, the dilatational gauge field bµ, the conformal boost gauge field fµ
a
and the SU(4) gauge field Vµ
i
j , while the fermionic ones are the Q- and S-supersymmetry
gauge fields ψµ
i and φµ
i, respectively. Finally, the connection aµ is associated with the local
chiral U(1) symmetry. The complete set of gauge fields of N = 4 conformal supergravity
is listed in table 1 along with their algebraic restrictions, their SU(4) representation, their
weight w under local dilatations and their U(1) chiral weight c.
1The optional U(1) central charge is suppressed [4]. Note that it does not correspond to the one of the

















Field Symmetries (Generators) Name/Restrictions SU(4) w c
Bosons
eµ
a Translations (P) vierbein 1 −1 0
ωµ
ab Lorentz (M) spin connection 1 0 0
bµ Dilatation (D) dilatational gauge field 1 0 0
Vµ
i












a Conformal boosts (K) K-gauge field 1 1 0
aµ U(1) U(1) gauge field 1 0 0
Fermions
φµ
















Table 1. Gauge fields of N = 4 conformal supergravity.




ij and two spin-1/2 fermions Λi, χ
ij
k. We list them in table 2 with
their various algebraic properties, and their representation assignments. The rigid SU(1, 1)
indices are denoted by α, β = 1, 2.
Field Restrictions SU(4) w c
Bosons
φα φ
1 = φ∗1, φ
2 = −φ∗2 1 0 −1











































Table 2. Matter fields of N = 4 conformal supergravity.
An element of SU(1, 1) can be written in terms of the doublet of complex scalars φα
which satisfies
φαφα = 1 , (2.1)
where φα ≡ ηαβφ∗β with η
αβ = diag(+1,−1). Therefore, due to the presence of the local





















i are expressed in terms of the other ones through a set of conven-
tional constraints on the superconformal curvatures
R(P )µν
a = 0 ,
R(M)µν
abeνb = 0 ,
γµR(Q)µν
i = 0 . (2.2)





The derivative Dµ is covariant with respect to all the gauge symmetries. By making use
of the Bianchi identities for the curvatures, the constraints (2.2) lead to an additional set
of identities which are summarised in appendix B. The explicit expressions of R(Q)µν
i and
R(S)µν
i are given in appendix B. We refer to [3] for the other ones.
The independent fields of tables 1 and 2 constitute the full Weyl supermultiplet of
N = 4 conformal supergravity which contains 128 + 128 off-shell degrees of freedom. The
non-linear superconformal transformation rules of the fields were derived in [3]. The Q-
supersymmetry transformations2 of the gauge fields read
δQeµ






















































































































+ [terms ∝ ψµ] , (2.4)







































δQEij = 2 ǫ¯(i /DΛj) − 2 ǫ¯
kχmn(i εj)kmn − Λ¯iΛj ǫ¯kΛ
k + 2 Λ¯kΛ(i ǫ¯j)Λ
k ,
δQTab























































































































































+ εijmn ǫ¯p T abkl
[
2Tab npΛm + TabmnΛp
]
+ (h.c.; traceless) . (2.5)
where ǫi is the Q-supersymmetry parameter and where Dµ is covariant with respect to the

































where we introduced the S-supersymmetry parameter ηi. Note that, contrary to [3], the
U(1) gauge field is real.























with ε12 = ε
12 = +1. The S-supersymmetry transformations of the fields are
δSeµ




























































δSΛi = 0 ,











































kl = 0 . (2.8)
As is clear from (2.4), (2.5) and (2.8), the coset space sector of the theory can be
entirely described in terms of Pµ and Fµν . In what follows, we will make use of these
SU(1, 1) invariant quantities rather than the scalars φα. Note also that Pa has Weyl weight
w = 1 and is invariant under K-transformations. We finally present several identities which


































which are the supersymmetric generalisations of the Maurer-Cartan equations associated

















3 The quadratic action
In this section, we present the part of the action which is quadratic in the fields. It will
be the starting point for the iterative procedure presented in section 4, which we will use
to generate terms of higher-order in the fields. The action will be constructed such that
all the derivatives and curvatures that appear are fully supercovariantized with respect to
all the gauge transformations (bosonic as well as fermionic). Hence, we must insist that,
throughout the paper, our counting of the fields always excludes the gauge fields which are
implicitly contained within the supercovariant derivatives and curvatures.









































D2 /D + /DD2 − /D
3
)
Λi + h.c. , (3.1)
with e = det[eµ
a] and where the (anti)self-dual part of a generic second rank tensor Rab is





cd]. The expression (3.1) corresponds to the real part of
the chiral invariant of the linearized theory given in [3]. The imaginary part of the chiral
invariant is a total derivative.
The structures of the quadratic terms are uniquely fixed by requiring invariance under
U(1), SU(4) and Lorentz symmetry, while the number of derivatives in each term is fixed
by Weyl invariance. At the level of the action, the derivatives can be moved around
using integration by parts at the expense of higher-order terms in the fermions. However,
requiring K-invariance (i.e. under conformal boosts) fixes the position of the derivatives.
Under these conditions, the quadratic terms for the fields Eij , Tab
ijand Λi are uniquely
determined. The case of the vectors Pµ is more subtle and will be discussed below.
The relative coefficients between the different quadratic terms are fixed by requiring
Q-supersymmetry invariance at quadratic order in the fields. The K-invariance of the
quadratic terms involving the vectors Pµ is not straightforward. Out of the four possible
terms, all appearing in the Lagrangian (3.1), none is K-invariant. The two terms in which
both derivatives act on the same field should not be treated as independent. Indeed, only




b, Da]Pb , (3.2)
is of higher-order in the fields due to (2.11). An arbitrary combination of the remaining
three independent quadratic terms is generically not K-invariant. However, when consid-
ering the unique combination appearing in (3.1), one finds that it is K-invariant up to a
































Here ΛKa is the K-transformation parameter. We should emphasise that, at this point, re-
quiring K-invariance of each of the supercovariant terms in the Lagrangian is not necessary.
The advantage of imposing such a condition already at the level of the quadratic action is
that terms with an explicit K-gauge field f aµ will not have to be introduced when deriving
the interaction terms. This will be explained in section 4.
Finally, it is important to emphasize that in this paper, we will exclusively consider
the real part of the chiral invariant. Without this reality condition, the K-variation of the
kinetic terms for Pµ is not of higher-order in the fields anymore and consequently, one is
forced to introduce explicit K-gauge fields.
4 Building up higher-order terms
In this section, we present the iterative procedure used to construct the supersymmetric
completion of the quadratic Lagrangian (3.1). The non-linearity of the supersymmetry
transformations rules will require us to add successive layers of terms of higher-order in the
fields to the Lagrangian. The higher-order terms will be chosen such that their supersymme-
try variations precisely cancel against the variations of the pre-existing lower-order terms.
Ultimately, this program terminates when all the necessary terms have been added such
that the Lagrangian is fully invariant under supersymmetry. Requiring Q-supersymmetry
invariance turns out to be enough to ensure invariance under all the symmetries of N = 4
conformal supergravity. This is due to the specific superalgebra obeyed by the different gen-
erators [3]. Indeed, the commutator of two infinitesimal Q-supersymmetry transformations
yields the full set of superconformal transformations including the U(1) transformation.
4.1 Structure of the full Lagrangian
This supersymmetrization procedure is unambiguous, yet lengthy, and provided sufficient
computational efforts are invested it is guaranteed to give the full off-shell superconformal
invariant. In practice however, the computation rapidly becomes unmanageable due to the
rich field content and the non-linearity of the transformation rules. Therefore it becomes
essential to systematise the work by making use of certain structure patterns appearing in
the computation. Hence, we argue3 that the full Lagrangian can be written in the following
form
L = L0 + ψLψ + φLφ + ψ





where here, ψ and φ schematically denote the gravitino and the S-gauge field, respectively.
The quantities L0,Lψ,Lφ,Lψ2 ,Lφ2 ,Lψφ, Lψ3 , Lψ2φ, Lψ4 only depend on supercovariant
fields, i.e. matter fields, supercovariant curvatures and their supercovariant derivatives.
Note that the terms of lowest-order in the fields in L0 correspond to the quadratic La-
grangian (3.1). Consequently, the other supercovariant quantities in (4.1) are at least of
quadratic order in the fields.

















The expression (4.1) only contains terms up to four explicit gauge fields (ψ or φ).
This can be understood as follows. Under an infinitesimal Q-supersymmetry variation (Q-
variation), a gravitino transforms into the gradient of the Q-supersymmetry parameter. In
order for this variation to be subsequently canceled, it first has to be integrated by parts
such that when the derivative hits any of the other explicit gauge fields, it yields a curvature
(Q or S). This requires the explicit gauge fields to appear fully anti-symmetrized in their
vector indices and therefore rules out the possibility of terms with more than four explicit
gauge fields. The same reasoning holds for an infinitesimal S-supersymmetry variation
acting on φ. However, for our current analysis the terms with more than two explicit gauge
fields are not required since we are only looking to construct the Lagrangian up to quadratic
order in the fermion fields. We will therefore not attempt to derive them explicitly.
The Weyl weights of ψ and φ restrict the order of the possible terms appearing in the
various quantities L0,Lψ, . . .. For instance, based on the fact that the field Λi has the
lowest Weyl weight, one expects the terms of L0 to be at most of eigth-order in Λi without
any derivatives. Weyl invariance also rules out terms with more than two S-gauge fields.
Furthermore, terms with two φ’s and one ψ do not appear in (4.1) as the Weyl weight of
their associated supercovariant factor does not allow for more than one covariant field. For
the same reason, terms with three ψ’s and one φ are not present. Because of the Weyl
weight of φ, the term φ2Lφ2 will be of higher-order in the fermion fields.
4
Finally, in order to write the full Lagrangian as in (4.1), we assumed that there are no
terms containing explicit K-gauge fields. Because of its Weyl weight, the K-gauge field f
could only schematically appear within terms of the form fLf and ψfLψf where Lf ,Lψf
are supercovariant. However, some parts of the S-supersymmetry variations of these two
terms would necessarily have to cancel against each other, and consequently the absence of
one implies the absence of the other. Since the first one could only arise to compensate for
the lack of K-invariance of L0, it means that a K-invariant L0 prohibits the appearance of
explicit K-gauge fields throughout the full Lagrangian. In section 3, we have written the
quadratic part of L0 in such a way that it is K-invariant at quadratic order in the fields.
As will be clear from our results in section 5, the completion of L0 to higher-order in the
fields is K-invariant and therefore there will be no deviation from the structure (4.1).
Finally, it is clear that the expression (4.1) cannot capture accurately the structure of
the full chiral invariant. Indeed, as was discussed in section 3, the latter involves explicit
K-gauge fields.
4.2 Constructing the interaction terms
In this subsection, we outline the iterative procedure used to construct the various superco-
variant quantities appearing in the schematic expression (4.1) of the full N = 4 conformal
supergravity Lagrangian. To this purpose, let us first write a part of (4.1) with explicit
indices











































4If φ2Lφ2 would contain terms which are quadratic in the fermions, then for our purposes Lφ2 would

















Since we are only interested in the Lagrangian up to quadratic order in the fermion
fields, we have truncated the full Lagrangian to the above expression. For the same rea-













j are only linear in the fermions and purely bosonic
5, respec-
tively. Note also that, as discussed in section 4.1, the last four quantities are antisymmetric
in their vector indices.
In what follows, we will work at specific orders in the supercovariant fields. To this
























j which contain the
terms of order n in the supercovariant fields of the quantities appearing in (4.1). They
will be constructed by requiring that the various Q-variations of order n vanish. These
variations naturally arise from terms of order n in the Lagrangian but also from terms
of lowest-order. Therefore, each layer of computation relies on the previous ones. Conse-
quently, all the terms at order n < m have to be constructed before the terms of order
m. Furthermore, we can systematically restrict ourselves to variations which are linear in
the fermion fields since we are only looking to derive the terms in the Lagrangian up to
quadratic order in the fermions.
In order to explain how the Q-variations at a specific order cancel against each other,
we compute below the Q-variations of the various terms appearing in the Lagrangian at
order n. To this purpose, we introduce the symbols δK|fa , δQ|ψa and δS|φa which denote
gauge transformations where the parameters are replaced by the associated gauge fields.
Additionally, we define δ(cov)Q as the supercovariant part of a Q-variation. In what follows,
we insist that all the variations which are of cubic order, or more than cubic order, in the




−1L(n)0 + e δQ[e


















































































+ h.c. , (4.5)
where in (4.5), we dropped a total derivative. Note that the term involving the field
Tab
ij comes from the covariant part of the variation of ψa
i. It will appear similarly in the


















































































































+ h.c. , (4.6)








j are antisymmetric in their vector indices and we have rewritten the curl of
the gravitino making use of the explicit expression of R(Q)ab















































































































































antisymmetric in their vector indices. This allowed us to rewrite the curl of the S-gauge field
through the expression of R(S)ab


















quantities with Weyl weight 2.
We now present in detail how the different variations appearing in (4.3)–(4.7) cancel
each other out up to order n in the supercovariant fields. The purely supercovariant




















































































































+O(n+ 1) , (4.8)
where O(n + 1) denote variations whose number of supercovariant fields is equal to or
greater than n + 1. We carry on with the variations containing an explicit K-gauge field.













i + h.c. = O(n+ 1) . (4.9)






















































































































































































































































































































The Lagrangian (4.2) is build iteratively using the equations (4.8)–(4.11). The first step
of the iterative procedure starts at the lowest-order, i.e. at n = 2. At this point, the left-
hand side of equation (4.8) obviously only contains the first term and the expression of L(2)0
















6 by imposing (4.9)







At the (n − 1)th iteration step, we consider the cancellation of the supersymmetry
variations of order n in the supercovariant fields. We start with equation (4.8), where
every term on the left-hand side is known from previous iterations, except for L
(n)
0 . At
this stage, one has to determine L
(n)
0 so that the whole left-hand side cancels at order n
up to a total supercovariant derivative. The quantity on which the derivative acts upon is
then L(n)ψ
a





















the equations (4.9), (4.10) and (4.11). It is important to mention that at every step of the
iteration, the equations (4.8)–(4.11) should be solved one after the other as each equation
requires an input obtained by solving the previous one. In this way, we build all the terms
of the Lagrangian (4.2) up to quadratic order in the fermion fields.
5 Results and discussion
In this section, we present all the supercovariant terms of the N = 4 conformal supergravity
Lagrangian up to quadratic order in the fermion fields, obtained through the iterative
procedure presented in section 4. For the reader’s convenience, the interactions involving
explicit gauge fields are given in appendix A.
In section 4, we argued the Lagrangian takes the form (4.1). Within this scheme, the
purely supercovariant terms at all order in the fields, bosonic or fermionic, are cast within
the quantity denoted by L0. Let us now split L0 into
L0 = LQ + LB + LF + . . . , (5.1)
where LQ, LB and LF are respectively the quadratic Lagrangian (3.1), all the purely bosonic
supercovariant interaction terms and the supercovariant interaction terms quadratic in the
fermion fields. Here, the dots denote terms which are quartic, sextic and octic in the
fermion fields and which, therefore, are outside of the scope of this paper.









































D2 /D + /DD2 − /D
3
)
Λi + h.c. , (5.2)
which was discussed in section 3 and served as the basis for the iterative procedure.
6We actually find that L(2)φ
a
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ij P a P¯a − 8T
ab ij Tbc ij Pa P¯
c
+ T ab ij Tab




jl Tcd ij T
cd
kl
+ εijkl T abij EkmR(V )ab
m
l
− εijklP¯ c [4DaT
ab








mnEkpElq + h.c. , (5.3)
which involve cubic and quartic terms in the fields. Quintic terms are forbidden due to the
Weyl weights of the bosons.













































































































































































aΛiT jk · T lmPa + h.c. . (5.4)
They involve cubic, quartic and quintic terms in the fields. Note that there are no terms
of sextic, septic or octic order in the fields as, due to the restrictions on the Weyl weights,
these would be of higher-order in the fermion fields. Finally, (5.2), (5.3) and (5.4) are

















As we already mentioned in section 1, the bosonic part of the N = 4 conformal
supergravity Lagrangian has been derived in [8]. Because it was obtained in a different set
of conventions, we have converted their result in the conventions of the present paper to
facilitate the comparison with our results. In particular, this requires to covariantize the
curvatures and derivatives with respect to the conformal boosts and to switch to a different
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ij P aP¯a − 4T










T ab ik Tab
jl Tcd ij T
cd
kl + h.c. . (5.5)
We now compare the above expression with (5.3) and the bosonic part of (5.2).
Clearly, the quadratic Lagrangians agree as the first three lines of (5.5) coincide with
the bosonic part of (5.2). We note, however, a number of differences when comparing
interaction terms. The most obvious one is perhaps the presence of terms cubic in the
fields in our results while none appear in (5.5). Further differences concern the quartic
terms in the fields. Indeed, the last term of the second line and the last line in (5.3) are
not present in (5.5). Moreover, none of the coefficients of the remaining terms match.
When truncated to N = 2, the result of [8] is consistent with the known non-linear
Lagrangian of N = 2 conformal supergravity [3]. As it turns out, we find that our results
also yield the correct N = 2 Lagrangian upon truncation. However, one must note that for
the bosonic action, most of the fields simply disappear in the truncation process. Indeed,
there are no N = 2 descendants of the fields Pµ and E
ij . For this reason, the only
comparison at the N = 2 level that can be made of the bosonic sectors concerns the
relative coefficient between the kinetic term and the quartic interactions of the field Tab
ij .
It is surprising that while both results agree at the N = 2 level, such striking differences
are present in the full N = 4 setting.
As should be clear from the iterative procedure that was used in this paper, the consis-
tency of each term in our result relies on the consistency of many other terms. Therefore,
our computation passes a multitude of crosschecks. It should also be noted that all the


















Note added. After submitting this paper to the arXiv, it was found that several terms
were missed in the last stages of the computation of [8]. The authors of [8], in particular
A. Tseytlin, were kind enough to confirm this observation. Once repaired, these omissions
precisely match with the corresponding terms in (5.3).
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A Terms with explicit fermionic gauge fields
In this section, we present all the terms at quadratic order in the fermion fields which con-















which, as described in (4.2), appear in the Lagrangian coupled to bare fermionic gauge















Let us first consider Lψ
a
i which is contracted with a gravitino in the Lagrangian. For


























i are quadratic, cubic and quartic in the fields, respectively. Due
to Weyl weight restrictions, the dots denote terms which are of higher-order in fermions.




























































lj − γbR(Q)i · TjkT
ab jk − 6 γbR(Q)k · TijT





















ad lm + εjklmγ · T
lmχjkiP
a − 2 εijklγ
cγaR(Q)l · T jkPc
+ 3 εijklR(Q)











































− 6 εjklmDbΛmTbc liT
ac
jk + 3 ε
jklmΛmD













































































































































































aΛmT cd klR(V )cd
j
i . (A.4)







































































































































































































lT jk · TmnT abin + εijklγbΛ
lT jk · TmnT abmn
+ 8 εjklmγdΛ
lT abinTbc
jkT cdmn . (A.5)
We now present the expression of Lφ
a
i which appears contracted with a S-gauge field
























jk + 2 ε
jklmγaΛmTli · Tjk . (A.6)




j which enter the Lagrangian contracted with two






































j contain terms quadratic and cubic in the bosonic
fields, respectively. The higher-order terms, denoted by the dots, are fermionic. The































+ 4R(M)abcdTcdij + 4 εijklε
abcdPcD
eTed































mlEpkT abqn + 8T baklTlj · Tik




ik + 8 P¯cP
[aT b]cij − 16PcP¯



























j = −2 γcE
kiP¯ [aT b]ckj − γ
cEkiP¯cT
ab
kj − 2 γcEkjP






dTcdkm + 8 ε
iklmγ[bT a]clmP¯
dTcdjk − 4 ε
iklmγcP¯ [bT a]dlmTdcjk










ik − 2 εjklmγ
[aP b]T ik · T lm . (A.12)




j which are coupled to a gravitino
and a S-gauge field. The only bosonic terms are clearly at most quadratic
Lψφ
ab






ij = −4 δ
i
jP
[aP¯ b] . (A.14)
B Transformations of the superconformal curvatures and Bianchi iden-
tities
As mentioned in section 2, the gauge fields ωµ
ab, fµ
a and φµ
a are composite. They are
expressed in terms of the other fields through the set of constraints (2.2). The latter, when
combined with the superconformal Bianchi identities, lead to the following useful relations
R(D)ab = 0 , (B.1)
R(M)abcd = R(M)cdab ,















ab k − (h.c.; traceless) ,
DaR(Q)











i = 0 ,
γaR(S)+ab





γaT ij ·R(S)j −
4
3
















aT ij .R(Q)k .
Note however that these relations are not independent. We recall that the (anti)self-dual



















































































































































































































The transformations of Rab
c(K) and Rab
i(−)(S) can be easily derived from (B.1). Finally,




























+ [terms ∝ ψ2] (B.4)
where the symbol δ(cov)
Q|ψb
denotes the supercovariant part of a Q-variation with the parameter
replaced by the gravitino.
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